We argue that monolayer 1T'-WTe2 possesses an electrically tunable bulk band quantum geometry (e.g., Berry curvature). In particular we find that, due to its asymmetric structure, an applied outof-plane electric field breaks inversion symmetry to induce both Rashba as well as Zeeman spin-orbit coupling. These in turn enable a bulk band Berry curvature and magnetic moment distribution to develop. Strikingly, Berry curvature and magnetic moment exhibit a sharp switch-like behavior saturating to an intrinsic value when in-plane inversion symmetry breaking is strong. Due to its low symmetry, Berry curvature and magnetic moment in 1T'-WTe2 possess a dipole-like distribution. These manifest as (gate-tunable) quantum non-linear anomalous Hall currents and current induced magnetization (kinetic magneto-electric effect) respectively -a hallmark of the particularly low symmetry of 1T'-WTe2. Taken together these render it a rich two-dimensional platform for allelectrical control over quantum geometric effects as well as spin/magnetic texture.
Structure and material property/functionality have an intimate relationship. A striking example is monolayer WTe 2 where a structural change from 1T to a distorted 1T' structure induces a topological phase transition from trivial to Z 2 topological phase [1] . Recently realized in experiment [2] [3] [4] , the distorted 1T'-WTe 2 monolayer possesses a large bulk bandgap ∼ 55 meV [2] , and helical edge modes that mediate robust edge conduction [3, 4] characteristic of a robust quantum spin Hall state.
Here we argue that, aside from determining the band topology, the distorted crystal structure of 1T'-WTe 2 ( Fig. 1a-c ) also enables unusual bulk band quantum geometry and spin physics to be accessed and controlled. We find that when an out-of-plane electric field E ⊥ is applied spin-degeneracy is lifted (Fig. 1d ,e) by inducing both Rashba spin-orbit-coupling (R-SOC) (Fig. 1f) as well as a Zeeman spin-splitting (Z-SS) (Fig. 1g) . While R-SOC is synonymous with an out-of-plane inversion symmetry (IS) breaking, Z-SS is less common and typically weak [5] . As we discuss, 1T'-WTe 2 bucks this expectation: even though E ⊥ is out-of-plane, the non-aligned outer Te atoms (Fig. 1c) enables an in-plane electric dipole to develop and a strong Z-SS to be induced.
Crucially, applied E ⊥ induces Berry curvature as well as magnetic moment. Triggered by Z-SS, Berry curvature turns on sharply exhibiting an unusual switch-like behavior ( Fig. 2a) : it saturates to an intrinsic value even when in-plane IS breaking is strong. Instead, saturated Berry curvature value is determined by the strong (spinselective) inter-orbital mixing of the 1T'-WTe 2 and exhibits a characteristic anisotropic distribution; magnetic moment mirrors this behavior (Fig. 2 ). This contrasts with that conventionally expected from other systems with a gate-tunable Berry curvature (e.g., dual-gated bilayer graphene [6] ), where the magnitude of Berry curvature induced is tied directly to the strength of the symmetry breaking.
Further, due to the low symmetry of 1T'-WTe 2 distorted crystal structure, induced Berry curvature and magnetic moment also possess an asymmetry characterized by a dipolar distribution in reciprocal space. As a result, shifts in the distribution function (e.g., induced when a dissipative charge current is flowing, j) enable a net Berry flux, and a net out-of-plane magnetization, M z , to develop (Fig. 3) . The latter corresponds to a direct (linear) magneto-electric effect M z = iα zi j i (i = x, y), whereα zi characterizes the strength of the magento-electric effect; the former mediates a quantum nonlinear anomalous Hall effect [7] .
Both the magneto-electric effect and non-linear anomalous Hall effect are intimately tied to the low-symmetry of gated 1T'-WTe 2 ; they do not appear in rotationally symmetric systems. These constitute striking experimental signatures of the tunable quantum geometry (induced Berry curvature and magnetic moment) of 1T'-WTe 2 , as well as the direct impact that its distorted structure has on its material response. Using available parameters for 1T'-WTe 2 , we anticipate a sizeable M z that can be readily probed for e.g., using Kerr effect microscopy [8] . Coupled with their switch-like behavior and tunable Z-SS, 1T'-WTe 2 provides a compelling venue to manipulate spins and magnetic moments in a tunable two-dimensional material.
Symmetry analysis and k · p model -We begin by analyzing the band structure of monolayer 1T'-WTe 2 in the presence of an applied out-of-plane electric field E ⊥ [ Fig. 1(a) ]. In doing so, we will employ a k · p method based on the underlying symmetries of the material: for e.g., mirror symmetry about the xz mirror plane [dashed line in Fig. 1(b) ], time-reversal symmetry (TRS), and (broken) inversion symmetry (IS). For completeness, our analysis takes into account the three relevant atomic orbitals (ψ 1,2,3 ) and two spin states (↑, ↓) that contribute to the states near the Γ point and the gap opening [ Fig. 1(d) ], as revealed by ARPES measurements [2] as well as first principles calculations [1, 9, 10] . This produces a six-band k · p description (SBD), see Supple- mentary Information, SI, for a detailed account of the symmetry analysis of these orbitals and spin operators and the symmetry allowed terms in the SBD description.
Importantly, while E ⊥ = 0 produces a spin-degenerate bandstructure [1, 2, 9, 10] , when E ⊥ = 0 (e.g., induced by proximal gate) we find the bands become spin-split (Fig. 1d) . As shown in Fig. 1d , this is particularly relevant away from the Γ point, where the splitting becomes pronounced close to the band gap (gray shaded region, Fig. 1d ,e). These are characterized by states Ψ τ ξ with higher (ξ = +1) or lower (ξ = −1) energies as shown in Fig. 1e , and τ = ±1 correspond to the conduction and valence bands. As we will see, the splitting induced by E ⊥ drives a range of novel spin behavior.
At low carrier densities typical for 1T'-WTe 2 devices [4] , the electronic and spin behavior is dominated by low-energy excitations around the bandgap in the four bands (Fig. 1e) . In order to compactly illustrate the physics, we develop a simple effective four-band model using the basis {ψ c↑ , ψ v↑ , ψ c↓ , ψ v↓ } in the regime around the gap opening (see gray region). This is obtained by performing a Löwdin partitioning (see SI) of the bands in Fig. 1d and can be expressed as h eff (k) = h 0 (k) + h 1 (k). Here h 0 (k) describes the electronic behavior in pristine 1T'-WTe 2 (E ⊥ = 0):
iv y k y represents the strong spin selective atomic orbital coupling (sharing the same spin), while ck and vk are diagonal parts for the conduction and valence bands, capturing their energy offsets and effective masses (see SI). We note that h 0 (k) is simply a tilted BernevigHughes-Zhang (BHZ) hamiltonian [11] that describes the spin-degenerate bands in pristine 1T'-WTe 2 ; here the tilt arises from large effective mass differences between the conduction and valence bands (see Table. S-III in SI).
On the other hand, h 1 (k) captures the electric fieldinduced spin-orbit coupling
where α ± k = ±iα x k x + α y k y is the Rashba spin-orbit coupling (R-SOC), and λ denotes the Zeeman spin-splitting (Z-SS) [5] . In writing Eq. (2) we have kept only the lowest order (linear) in k terms, allowable by symmetry. We note that R-SOC generically appears at linear order in k in systems with broken (out-of-plane) IS. In contrast, Z-SS is typically weak for bands close to the Γ point. This is because many systems possess rotational symmetry, forcing Z-SS that is linear in k to vanish [5] . In contrast, 1T'-WTe 2 possess broken rotational symmetry, allowing a large Z-SS that is linear in k y to appear. We note that
(1) and (2) well captures the band structure close to the gap opening (dashed lines in Fig. 1e) .
The spin texture of the eigenstate Ψ τ ξ (see below) depends intimately on the terms in Eq. (2) . For example, R-SOC causes spin to point in-plane (Fig. 1f) , while Z-SS aligns spins out-of-plane (Fig. 1g) . Here spin textures are plotted only for the right valley (k y > 0). For k y < 0, spin textures are flipped.
Their physical origins are also distinct. When a charge neutral monolayer 1T'-WTe 2 is placed under E ⊥ , the top layer and the bottom layer Te atoms experience a charge redistribution becoming oppositely charged. This charge redistribution counteracts E ⊥ forming an out-ofplane dipole moment, d z (see Fig. 1c ). Crucially, because the Te atoms are not perfectly aligned, this charge redistribution also creates an in-plane electric dipole moment along the x-direction, d x , yielding a net induced electric dipole, d net , that is canted.
As a result, E ⊥ induces IS breaking in both z-and xdirections developing a nonzero ∂ z φ(r) and ∂ x φ(r); here φ(r) is the local electro-static potential induced by E ⊥ . Since spin orbit coupling arises as matrix elements of the microscopic spin-orbit interaction:
, we find that R-SOC comes from the total out-of-plane electric field −∂ z φ(r). However, the charge re-distribution also gives Z-SS from d x . The distorted structure of 1T'-WTe 2 enables d net that is generically canted with finite Z-SS and R-SOC terms that co-exist.
Switchable Berry curvature -Pristine 1T'-WTe 2 possesses both IS and TRS ensuring that Berry curvature (and orbital magnetic moment) vanish exactly. As we now discuss, in 1T'-WTe 2 with E ⊥ = 0, Z-SS [Eq. (2)] presents an opportunity to break in-plane IS turning on a finite Berry curvature distribution. Unusually, Berry curvature in biased 1T'-WTe 2 arises from an interplay between the IS-breaking Z-SS [Eq. (2)] as well as in the intrinsic spin-selective atomic orbital coupling v ± [Eq. (1)]. This interplay yields an unusual switch-like behavior for quantum geometric effects.
To proceed, we first note that for pristine 1T'-WTe 2 (when E ⊥ = 0), the hamiltonian h eff = h 0 (k) in Eq. (1) possesses spin degenerate states Ψ τ ξ , with ξ = ±1 corresponding to ↑, ↓ states, and spin-degenerate energy
is the energy difference between the conduction and valence bands. In the absence of v x,y , conduction (ψ τ =+1,ξ ) and valence (ψ τ =−1,ξ ) bands touch, and exhibit a gapless spectrum along Γ-Y [12] . However, large spin-selective atomic orbital coupling v x,y in 1T'-WTe 2 creates strong inter-orbital mixing (between ψ c,v ) giving a large QSH gap ∼ 55 meV [2] .
Even though the external E ⊥ induced spin orbit coupling [Eq. (2)] is small as compared with the intrinsic spin-selective atomic orbital coupling, α ± , λk y v ± , nevertheless, when an external electric field E ⊥ = 0 is applied, IS is immediately broken. Specifically, we em- phasize that it is in-plane IS breaking that enables a finite Berry curvature, Ω τ ξ (k), distribution to develop. As a result, we find that λ encoding in-plane IS breaking (Z-SS arises from d x , Fig. 1c ) turns on Ω τ ξ (k). In contrast, while α x,y in R-SOC is also induced by E ⊥ = 0 (and can also spin-split ψ c,v bands) it corresponds to an out-ofplane IS breaking, and does not lead to Ω τ ξ (k).
To see this explicitly, we first consider the case α λ where R-SOC is much weaker than Z-SS. In this case, Z-SS dominates h 1 (k) and we can take α → 0. Therefore, h eff (k) = h 0 (k) + h 1 (k) produces a Ψ τ ξ bandstructure with a lifted spin-degeneracy ( Fig. 1g ) and energies ε τ ξ (k) = 0 (k) + τ ∆(k) + ξλ. We note that since both Z-SS as well as spin-selective atomic orbital coupling do not mix spins, Ψ τ ξ possess spins that purely point out of plane (Fig. 1g ). Using this, we find a Berry curvature distribution (3) does not depend on λ even though finite Z-SS was required to break in-plane IS. Instead, Ω (0) τ ξ (k) is solely determined by the spin-selective atomic orbital coupling v x,y , and the band parameters in pristine 1T'-WTe 2 .
This decoupling behavior between IS breaking strength and the value of Ω τ ξ persists even in the presence of finite R-SOC characterized by the ratios λ/α. To see this, we note that when α is finite, h 1 (k) starts to hybridize Ψ τ ξ with different spins (in the same τ band). Since the intrinsic Berry curvature Ω (0) τ ξ (k) for spin up and spin down states are opposite in sign, when the ξ states couple (via α) the Berry curvature drops. Along the high symmetry line k x = 0 about which the Berry curvature is even due to the TRS and mirror symmetry in the y-direction, the Berry curvature for the spin split bands near band edge can be expressed as
clearly displaying how Ω τ ξ (k x = 0, k y ) tends to the value expected in Ω (0) τ ξ for λ α. In Fig. 2a , we plot the peak value of Berry curvature Ω τ =1,ξ=−1 (k x = 0, k y ) (see inset). When λ α the Berry curvature drops precipitously vanishing when only R-SOC remains, Fig. 2a  (dashed blue line) . This is expected since R-SOC only breaks out-of-plane IS. We note that this behavior is also reproduced in a numerical evaluation of the SBD description (solid blue line).
The sharp switch-like behavior for Berry curvature in Fig. 2a is highly unusual. Typically the magnitude of Berry curvature depends intimately on the degree of symmetry breaking, e.g., that of IS breaking in gappedDirac type systems [6] . Berry curvature in Fig. 2a defies this expectation since at very large in-plane IS breaking (encoded by large λ), Ω τ ξ → Ω (0) τ ξ saturates to a λ-independent value; determined by the intrinsic band parameters of pristine 1T'-WTe 2 . This behavior can be understood by noting that both λk y and v x,y terms do not mix spins [they appear exclusively in the ↑ and ↓ blocks of Eq. (1) and (2)]. As a result, when λ α, the function of Z-SS is to lift spin-degeneracy and unlock the pronounced "spin-Berry curvature" within each 2 × 2 sub-block [11] that results from the intrinsic spinselective atomic orbital coupling. However, when λ α, in-plane IS breaking is gradually reduced ultimately returning to a zero in-plane IS breaking case when λ = 0 (albeit with out-of-plane IS broken); similarly Ω τ ξ gets reduced when λ/α drops vanishing when λ/α = 0.
Away from the high symmetry line k x = 0, Berry curvature displays a highly anisotropic distribution characterized by the strong in-plane anisotropy v x /v y ≈ 3 present already in Eq. (1), see Eq. (3), see SI for a detailed discussion.
Another closely related quantity, the (intrinsic) orbital magnetic moment m int n (k), also appears when in-plane IS is broken by E ⊥ẑ :
where we have written n = {τ ξ} as a short-hand, and H is the hamiltonian. The orbital magnetic moment comes from the self-rotation of a Bloch electron wave packet around its mass center, and is an intrinsic property of the Bloch band [13] . Taking H = h eff (k) [Eqs.
(1) and (2)], we find that peak value for m int τ =1,ξ=−1 also exhibits a switch-like behavior (Fig. 2 , dashed red line) similar to that found for Ω τ =1,ξ=−1 . This behavior is also reproduced by a numerical evaluation using the SBD description (solid red line).
Current induced magnetization -The low-symmetry of 1T'-WTe 2 enables an asymmetric distribution of of Ω n (k) and m n (k), see Fig. 3a,b . This affords the opportunity to realize Berry phase effects not normally achievable in their rotational symmetric cousins. A striking example is the (linear) magneto-electric effect (ME) M z = i α zi E i (i = x, y), where the flow of an in-plane current induces an out-of-plane magnetization. While typically found in multi-ferroic materials [14] where TRS and IS are explicitly broken, ME effects can arise in metals with sufficiently low symmetry (broken IS as well as broken rotational symmetry) and where the dissipation of a charge current breaks TRS [15] [23] . This is termed the kinetic ME effect [15, 16] .
Indeed, the low-symmetry of 1T'-WTe 2 (with E ⊥ = 0) where only a mirror symmetry in the y-direction remains is the largest symmetry group that hosts the kinetic ME [7, 15] . This makes 1T'-WTe 2 a natural venue to control ME.
To illustrate the kinetic ME effect in 1T'-WTe 2 , we first note that the magnetic moment is asymmetric, displaying a dipolar distribution (see Fig. 3a,b) . This can be seen explicitly by considering ∂ ky m and noting that it is displaced in relation to the bottom of the band, Fig. 3b . As a result, when an in-plane electric field shifts the distribution function, a uniform out-of-plane magnetization M z develops:
where D ii is the Drude weight along i direction, f
nk is the equilibrium distribution function, m int n (k) = m n (k)+ (ge/2m 0 ) u k |s z |u k is the intrinsic contribution to the magnetic moment in a particular band, containing both orbital and spin contributions with s z = σ z /2. For 1T'-WTe 2 monolayer, we estimate g ∼ 5 [3, 4] .
Importantly, Eq. (6) reflects the symmetry of the crystal. For example, magnetic moment distribution has equal magnitudes but opposite signs in the two electron pockets in the conduction band. As a result,α zx = 0 vanishes as expected from symmetry, see above. In contrast, when in-plane electric field is applied along y, a non-zero M z is generated (i.e.α zy = 0).
Using Eq. (6), we obtain a finite out-of-plane magnetization M z in Fig. 3d (red points) when current is driven along the y direction. In doing so, we used f (0) nk = Θ(ε nk − µ) with µ the chemical potential, and computed the Drude weight in the usual fashion. Further, to capture the full reciprocal space distribution of the magnetic moment (including regions away from the gap opening), we used the SBD description to compute the magnetic moment distribution. Here we have concentrated on small chemical potentials so that only moments in the lowest conduction band (blue band in Fig. 1e ) contribute. Since m int n (k) is an odd function of k y when TRS is present, the filled bands do not contribute to ME. This reflects the fact that kinetic ME arises from a dissipative process. As a result, when the chemical potential is in the gap,α zy = 0. However, once the system is doped into the conduction band, a non-zero ME develops and increases as chemical potential is raised, see Fig. 3d .
Non-linear Hall effect -Just as m int n (k) above gives rise to ME, Ω n (k) in the bands enable 1T'-WTe 2 to exhibit a quantum non-linear Hall effect at zero magnetic field. This can be seen under general symmetry considerations [7] . For the convenience of the reader, we outline this symmetry analysis for a 2D system that only has in-plane mirror symmetry (e.g., 1T'-WTe 2 ). The nonlinear Hall current can be written as j a = χ abb E b E b (a, b = x, y). Under the operation (x, y) → (x, −y), we have (j x , j y ) → (j x , −j y ) and (E x , E y ) → (E x , −E y ). This allows a non-zero χ xyy (while χ yxx vanishes). Under an in-plane DC electric field, χ xyy can be obtained using [7] 
where τ is the transport scattering time. Similar to Eq. (6) above, Ω n (k) is an odd function of k y [see Fig. 1(c) ]. As a result, nonzero χ abb only occurs when a = x and b = y: only electric field along y induces a non-linear Hall effect along x. When E is parallel to the x-direction, the nonlinear Hall effect (as well as the kinetic ME effect) vanishes.
To illustrate the quantum non-linear Hall effect, we numerically integrate Eq. (7) to obtain a finite non-linear Hall current conductivity χ xyy in Fig. 3d (blue points) using a scattering time τ = 50 fs. Similar to M z above, we used the SBD description in order to capture the full reciprocal space distribution of the Berry curvature. This non-linear Hall conductivity can be probed in a conventional Hall bar measurement (Fig. 3c) and provides a fully electrical way of mapping the Berry curvature (dipole).
Summary -1T'-WTe 2 with an applied out-of-plane electric field E ⊥ , provides a new and compelling venue to control bulk band quantum geometry. In particular, its bands exhibit a tunable Berry curvature and magnetic moment with switch-like behavior. Crucially, the low symmetry of its crystal structure enable effects not normally found in its rotationally symmetric cousins. These include striking Berry phase effects such as a quantum non-linear Hall effect, and current induced magnetization (ME). These are particularly sensitive to orientation of in-plane electric field and the crystallographic directions. Indeed, M z is strongest when current runs along the ydirection; this sensitivity can be verified through measurements in a single 1T'-WTe 2 sample, for e.g., using a Corbino disc geometry. Perhaps most exciting, however, is how IS broken 1T'-WTe 2 enables direct and electricfield tunable access to out-of-plane magnetic degrees of freedom. Given its two-dimensional nature, 1T'-WTe 2 can be stacked with other two-dimensional materials, providing a key magneto-electric component in creating magnetic van der Waals heterostructures. Various first-principle calculations as well as expermental measurements [1, 2, 9, 10] showed that there are three relevant orbitals contributing to the states near the gap. Although the exact orbital compositions at the Γ point is not clear, these orbitals at the Γ point are consistently revealed [2, 9, 10] to be (even, odd, even) under the reflection operation in y-direction (the orbitals are ordered with decreasing energy). Here we note that Choe et al. used a different coordinate system with x and y directions exchanged.
A perpendicularly applied electric field breaks symmetry operations that flip in the z-direction and reduce the point group P 2 1 /m to group C 1v that has only two symmetry operations {I, M y } (i. e., identity and reflection about the xz plane that cross a Te atom). It has two real 1D irreducible representations (see Table S-I) .
Aside from the spin degrees of freedom, each of the three orbitals at the Γ point is non-degenerate and transforms according to one of the 1D irreducible representations of C 1v . Moreover, although inversion symmetry is broken, the three orbitals remain (even, odd, even) in the y-direction at the Γ point. These two observations show that the three orbitals at the Γ point transform as:
where the symbol "∼" denotes how these functions transform under operations in C 1v . Using {ψ 1 , ψ 2 , ψ 3 } as basis, the k · p Hamiltonian near the Γ point assumes a 3 × 3 form:
where H αβ (K) is the 2×2 (1×1) block matrix between ψ 1 and ψ 2 with (without) spin degree of freedom included.
In the following, we will obtain the general form of H(K) from symmetry analysis. The necessary information for ψ 1,2,3 is contained in its transformation property under group C 1v [Eq. (S-1)] . We note that detailed orbital compositions, e. g., the weight of p-or d-orbital in |ψ 1,2,3 , does not affect the following analysis.
We will proceed by using the theory of invariants [17] [18] [19] which is based on the invariance of the Hamiltonian H under all operations of the corresponding crystal symmetry group. When the HamiltonianĤ is projected to the energy bands of interestĤ = α,β |ψ α H αβ (K) ψ β |, where K denotes a tensor operator formed by combinations of wave vectors, the symmetry group constrains the k · p Hamiltonian H αβ (K) as follows: under an arbitrary symmetry operation g ∈ C 1v , the basis |ψ α transforms according to the irreducible representation Γ α , so the invariance of the Hamiltonian under the symmetry operation g dictatesP gĤP −1 g =Ĥ, whereP g denotes the operator for symmetry operation g. This leads
where
is the representation matrix of g in Γ α (in the 1D irreducible representation case here, 1 or −1), andP g KP −1 g denotes the transformation of K under the symmtery operation g, e. g., if g = M y and K = k y , thenP My k yP
In constructing the K operators, one can also take into account the spin degree of freedom, by including the spin operator s = (s x , s y , s z ) in the k · p Hamiltonian. Note that s is a pseudovector, we have s x → −s x , s z → −s z , and s y → s y under the operation M y [18] , e. g., if g = M y and K = k y s x , thenP My k y s xP
For general cases in which crystals have high symmetry point groups, the expression of an arbitrary block H αβ (K) of the k · p Hamiltonian can be constructed in several standard procedures with the corresponding full character table [17] [18] [19] . In our case, however, the group C 1v is the simplest non-trivial group that has only two symmetry operations {I, M y }, and we can do the analysis just based on mirror symmetry operation M y : i) For blocks H αα (K) (α = 1, 2, 3) and H 13 (K): since |ψ α ψ α | (α = 1, 2, 3) and |ψ 1 ψ 3 | are even under M y operation, to make sureĤ is invariant under M y operation, then H αα (K) (α = 1, 2, 3) and H 13 (K) must be composed by K operators that are also even under M y operation. Relevant operator combinations that are invariant under M y operation are listed in the first row of After obtaining the terms that transform correctly for each of the blocks, we note further constraints that trim the k · p Hamiltonian:
(1) The k · p Hamiltonian must be Hermitian, which dictates that the invariants for a diagonal block must be Hermitian.
(2) Terms containing both k and s are matrix elements of the microscopic spin-orbit interactionĤ so (k) ∼ k · [s × ∇V (r)] inĤ thus terms k x s x and k y s y will not appear.
(3) For our purposes of estimating the Berry curvature and orbital magnetic moments in the main text, we can neglect the H 13 block. This is because |ψ 1 and |ψ 3 are energetically far away from each other ( 0.5 eV) and their couplings only have small contributions to Berry curvature and orbital magnetic moment for the conduction bands. Although H 13 block contributes to optical transitions 0.5 eV, this is beyond our current scope.
The above three considerations trim the terms {ik x , is y , k x s x , k y s y }. For remaining terms, we group them into terms induced by the applied perpendicular electric field, and those that are present in pristine 1T'-WTe 2 . To do so we perform the following symmetry analysis: when the electric field is not present, inversion symmetry about the inversion center O 0 is recovered, and the operation (−x, 1/2, −z) about O 1 becomes a symmetry operation again. Under the operation (−x, 1/2, −z), there is no flip in the y-direction while
We can see that terms {is x , is z , k x s y , k y s x , k y s z } change sign under this new operation, i. e., they are not invariant under the original symmetry group P 2 1 /m and can appear only when the perpendicular electric field is applied.
After trimming, classification, and analyzing the physical origin of the terms induced by electric field, we now obtain the general form of the k · p Hamiltonian (see Table S-II) .
First we use a least squares fitting to extract coefficients of these invariant operators from known band structure, either from experimental measurements or numerical calculations. From the first principle calculation result [1] (with corrected band gap to 55 meV [2] ), we obtained the Hamiltonian H 0 (k) when there is no external Table S-III. fields. We find
The dispersion is plotted in Fig. 5 , with parameters listed in Table S-III. The additional terms that are induced by the applied perpendicular electric field E ⊥ makes the full Hamiltonian H(k) = H 0 (k) + H 1 (k), with
where α ± i = ±iα i,x k x + α i,y k y is the Rashba spin-orbit coupling for i-th orbital, λ i denotes the Zeeman type spin splitting from in-plane electrical dipole moment, and δ i,x and δ i,z are k-independent inter-band couplings. In the main text and the rest of the SI, we drop kindependent terms in H 1 (k) for simplicity [17] . We do not expect them to affect the physics close to the bandgap we concentrate on here.
× model near the band gap
To obtain the effective 4×4 Hamiltonian near the band gap, we consider the energy eigenvalue equation
where h q (h d ) is the 4 × 4 (2 × 2) diagonal block from the original 6 × 6 Hamiltonian, and ψ q (ψ d ) is the corresponding four (two) component state vector, and u is the 4 × 2 matrix couples h q and h d . The second row of Eq. (S-6) allows ψ d to be written in terms of ψ q :
Substituting this into the first row of Eq. (S-6) gives an effective eigen equation solely for the ψ q components:
Performing the standard expansion in small ε as well as rotation procedure [17] , we obtain the effective Hamiltonian near the band gap as Here the k-dependent ratio r is r = (v 3,x k x ) 2 + (v 3,y k y ) where k 0 = (0, k 0 ) is the position of the band edge with k 0 = 0.529Å −1 . By doing this, we obtained the dispersions and Berry curvatures which agree well with the six band model near the gap opening (see dashed lines in Fig. 1e and Fig. 2a for comparison) .
